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Abstract— This paper presents a modification for the already
consolidated analytical model that calculates the gain and ripple in
multi-pump Raman amplifiers by considering energy conservation.
The original analytical model precisely computes the pump-pump
interaction to the C- and L-band for a WDM input signal.
However, when this method is used to amplify a large bandwidth,
as the entire C and a part of the L band, the increase in the number
of pump lasers impacts the obtained results. The error, if compared
with results obtained by a numerical method, becomes significant.
An analysis in terms of energy is proposed to minimize the
discrepancy between analytical and numerical results. An
improvement is observed to the gain results.
Index Terms— Raman amplifier, numerical model, analytical model, energy
conservation

I. INTRODUCTION
Long distance optical networks are responsible for creating a demand for broadband optical
amplification technologies. These technologies must meet the demands for boosting the signal to
compensate the signal attenuation in the silica optical fiber along the transmission length. Therefore,
the system capacity will increase, replacing the electrical regenerators and lowering the deployment
and maintenance costs for long distance optical transmission networks [1, 2].
Raman amplifiers dynamics are based on the nonlinear effect observed in optical fibers known as
Stimulated Raman Scattering (SRS). Their main characteristic is the energy transfer from one or more
high power pump wavelengths to the signals wavelengths. In comparison with Erbium doped fiber
amplifiers (EDFA), Raman amplifiers do not need specialized or doped fibers, using the single mode
fiber (SMF) as optical gain medium and have a much larger spectrum that can be tuned selecting
different pump parameters as the number and position of the pumps and the intensity of each one of
them.
Other important application for Raman amplifiers is the remote operation, by several kilometers, in
optical fiber sensors [3]. In particular, the tuned bandwidth characteristic in Raman amplifiers is
useful to perform measurements in multiplexed sensor architectures [4].
Raman amplifiers can operate as distributed amplifiers when applied in the SMF optical fiber, since
the amplification process occurs in a large fiber length compared to amplification schemes applying
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doped optical fibers. Distributed amplifiers have the advantage of increasing the noise figure in
comparison with the EDFA technology, increasing optical signal-to-noise ratio (OSNR) and allowing
a better power distribution along the fiber, causing lower impact due to nonlinearities.
Other classification takes into account the different pump architectures.

The co-propagation

scheme occurs when the pump is coupled in the same propagation direction of the signal to be
amplified, whereas the counter-propagation scheme is related to counter-propagation direction
between the signal and the pump optical beam. The bi-directional configuration combines both
architectures cited before.
A co-propagating system shows larger optical intensity gain, but suffers with highest power
instability transfer from the laser source to the signal. Another important factor is that the increase in
the power inserted into the fiber can lead to unwanted nonlinear effects in the signal wavelength.
The counter-propagating setup shows lower gain than the co-propagating scheme. However, the
transfer of instability noise from the optical pump to the optical signal is lower, the gain dependence
with the polarization state is less important and the amplification occurs when the signal is not
excessively intense; thus, the problem of non-linear effect is less significant. This latter characteristic
can also be a negative factor because the signal to be amplified can be at the same level of the noise
floor. The bi-directional configuration combines the characteristics of co-propagating and counterpropagating [5-7].
A numerical model was implemented by Cani et al [8] based on coupled differential equations that
describe the spatial propagation of multi-pumps and multi-signals in a Raman amplification
environment which include all the meaningful physical parameters for the performance analysis in the
continuous wave (CW) regime. However, this model with a large number of pumps and signals could
demand high costs in computational resources.
An analytical model was proposed by Cani et al., decoupling the differential equations. This model,
already validated by measurement results in [8] was built taking into account some simplifications
and because of that the power budget of the simulated link can yield unrealistic results for a large
number of pumps and signals.
This work proposes a modification in the analytical method to correct the power budget that allows
approximating the results of the gain spectrum to the numerical results, mainly for the case of multipumps. This will permit the use of this method in optimization techniques to ensure the optimal
design of the gain bandwidth for broadband optical networks.
II. MATHEMATICAL MODEL
The Raman amplifier technology is based on a nonlinear effect called Stimulated Raman Scattering
(SRS), responsible for transferring energy between different wavelength optical signals based on
phase matching conditions. Its main characteristic is the energy transfer from one or more pump
wavelengths to the wavelength signals that will be amplified [9].
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Figure 1 shows a scheme of the interaction of the incident photons, at frequency υ 0, with silica
molecules that is responsible for its absorption by a vibrational state of the matter. Therefore, the
incident photons lose energy to the matter and will be scattered in a lower frequency; or in a higher
wavelength. These scattered photons at higher wavelengths are called Stokes photons. Meanwhile, if
the vibrational state is already excited, due thermal excitation for instance, and the silica molecules
return to the ground state after the absorption, the scattering will occur in higher frequency; or in
lower wavelength, so these scattered photons at lower wavelengths are called Anti-Stokes photons.
The Raman amplification scheme relies only in stokes photons interactions because they are dominant
for regular environmental temperatures.

Fig. 1.Scheme of Stokes and Anti-Stokes interaction for Raman amplifiers.

The Raman gain spectrum has a bandwidth of 40 THz with a gain peak around 13 THz away from
the pump wavelength. For signal wavelengths to be amplified at 1550 nm, the peak gain is located
around 100 nm away from the pump wavelength [10].
Figure 2 shows the schematic for Raman amplification systems that comprises of one or more
optical pumps that will be launched in the optical fiber length in three different configurations: copropagation scheme (a) or counter propagation scheme (b) related to the optical signal direction. The
third configuration launches the optical pumps in both directions.
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Fig. 2.Raman amplification systems with different pump configurations.

A. Numerical Model
The following numerical model applied in this work was proposed by Cani et.al [8] and taking into
account several effects like the single and double Rayleigh scattering, the amplified spontaneous
emission (ASE) noise, polarization effects, signal and pump attenuation and the interaction between
different pumps, between pumps and signals and between different signals [6, 7].
𝑑𝑃𝜈±
= ∓𝛼𝜈 𝑃𝜈± ± 𝜀𝜈 𝑃𝜈∓
𝑑𝑧
CRμν +
±Pν± ∑
(𝑃𝜇 + 𝑃𝜇− )
𝛤
μ>ν

±2ℎ𝜈𝐵𝑒 ∑
𝜇>𝜈

𝐶𝑅𝜇𝜈 +
(𝑃𝜇 + 𝑃𝜇− )(1 + 𝜂(𝑇))
𝛤

∓Pν± ∑
μ<ν

∓Pν± ∑
μ<ν

𝜔𝜈 CRμν +
(𝑃𝜇 + 𝑃𝜇− )
𝜔𝜇 𝛤

𝜔𝜈 CRμν +
(𝑃𝜇 + 𝑃𝜇− )(1 + 𝜂(𝑇))4ℎ𝜇𝐵𝑒
𝜔𝜇 𝛤

(1)

where Pµ, Pν, αµ e αν are the power and attenuation coefficients at frequencies µ and ν respectively.
The superscripts + and – indicate, respectively, the forward and backward propagation in the z axis
direction, CRµν is the Raman gain efficiency between the frequencies µ and ν, Γ is the polarization
factor and takes a value 1 if the polarizations are preserved and 2 when the polarizations are not
maintained, ԑν is the Rayleigh scattering coefficient and Bе is the noise bandwidth considered.
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B. Analytical Model
The analytical model proposed by Cani et al. [8] obtained with some simplification of the
differential equations in Eq.(1) was applied to achieve a model with low computational costs, capable
of being applied at optimization techniques to facilitate the choice of the pumps parameters in Raman
amplifiers systems. This model approximates to the solutions of the numerical model under certain
conditions.
The simplifications applied for the analytical model were to neglect the effect of the double
Rayleigh scattering, the ASE noise and the pump depletion by the signal. Other important factor to
accomplish the simplification for the analytical solution was considering the attenuation coefficient of
the pumps as being the same, so the mean value of them was considered [8, 9]. Therefore, the spatial
propagation for three different pumps under counter-propagation direction, with µ > η > σ, can be
represented by:
𝜔𝜇 𝐶𝑅𝜂µ 𝑃𝜂− − 𝜔𝜇 𝐶𝑅𝜎µ 𝑃𝜎− −
𝑑𝑃𝜇−
= 𝛼𝑃µ− +
𝑃µ +
𝑃µ
𝑑𝑧
𝜔𝜂 𝛤
𝜔𝜎 𝛤

(2)

𝑑𝑃𝜂−
𝐶𝑅𝜂µ 𝑃µ− − 𝜔𝜂 𝐶𝑅𝜎𝜂 𝑃𝜎− −
= 𝛼𝑃𝜂− −
𝑃𝜂 +
𝑃𝜂
𝑑𝑧
𝛤
𝜔𝜎 𝛤

(3)

𝐶𝑅𝜎µ 𝑃µ− − 𝐶𝑅𝜎𝜂 𝑃𝜂− −
𝑑𝑃𝜎−
= 𝑃𝜎− −
𝑃𝜎 −
𝑃𝜎
𝑑𝑧
𝛤
𝛤

(4)

To solve this system of coupled equations, eqs.2-4, two iterations were performed, each one with
three steps. In the first iteration, two equations are decoupled in each step. Thus, in this iteration two
pumps have no interactions with other pumps and the third contains the pumping loss or gain due the
relationship with the other pumps [7]. The solution for the first iteration of the systems equations is
described as follows,
(1)−

(𝑧) = 𝑃− (𝐿)𝑒𝑥𝑝[−(𝐿 − 𝑧)] 𝑒𝑥𝑝 [

(1)−

(𝑧) = 𝑃𝜂− (𝐿)𝑒𝑥𝑝[−(𝐿 − 𝑧)]𝑒𝑥𝑝 [

𝑃

𝑃𝜂

(1)−

𝑃𝜇

1 − 𝑒𝑥𝑝[−(𝐿 − 𝑧)]



1 − 𝑒𝑥𝑝[−(𝐿 − 𝑧)]



(𝐶𝑅µ 𝑃𝜇− (𝐿) + 𝐶𝑅𝜂 𝑃𝜂− (𝐿))]

(𝐶𝑅𝜂µ 𝑃𝜇− (𝐿) −

𝜔𝜂 𝐶𝑅𝜂 −
𝑃𝜂 (𝐿))]
𝜔

(5)

(6)

(𝑧) = 𝑃𝜇− (𝐿)𝑒𝑥𝑝[−(𝐿 − 𝑧)]
𝜔𝜇 𝐶𝑅𝜂𝜇 −
𝜔𝜇 𝐶𝑅𝜇 −
1 − 𝑒𝑥𝑝[−(𝐿 − 𝑧)]
𝑒𝑥𝑝 [
(−
𝑃𝜂 (𝐿) −
𝑃 (𝐿))]

𝜔𝜂
𝜔

(7)

The analytical model does not take into account energy conservation among the pumps. This
happens because at each step, the solution of the first iteration considers only the pump-pump
interaction in only one equation. In order to minimize this effect, a second iteration was performed
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applying the first iteration solution, eqs. 5-7, in the eqs. 2-4. The second iteration solution is achieved
and its generalization allows describing a model for n-pumps and n-signals, eqs. 8-9 [8].

(2)−

𝑃µ

(𝑧) = 𝑃𝜎− (𝐿)𝑒𝑥𝑝[−𝛼(𝐿 − 𝑧)]
1 − 𝑒𝑥𝑝 [

𝑒𝑥𝑝 [∑

[−𝜔µ 𝐶𝑅µ𝜎 𝑃µ− (𝐿)

𝜎<µ

𝑒𝑥𝑝 [∑
𝜎>µ

[𝐶𝑅µ𝜎 𝑃µ− (𝐿)

−(1 − 𝑒𝑥𝑝[−𝛼(𝐿 − 𝑧)])
𝛹]
𝛤𝛼
]]
𝜔𝜎 𝛹

−(1 − 𝑒𝑥𝑝[−𝛼(𝐿 − 𝑧)])
1 − 𝑒𝑥𝑝 [
𝛹]
𝛤𝛼
]]
𝛹

(8)

where:
𝛹 = (∑ −𝐶𝑅𝜎𝜂 𝑃𝜂− (𝐿) + ∑ 𝜔𝜎 𝐶𝑅𝜎𝜂 𝑃𝜂− (𝐿) /𝜔𝜂 )
𝜂>𝜎

𝜂<𝜎

The signal gain (Ganal,v (z)) is calculated by the equation:
𝑧

𝑁𝑏

𝐺𝑎𝑛𝑎𝑙,𝑣 (𝑧) = exp[−∝𝑣 𝑧]𝑒𝑥𝑝 [∫ ∑
0 𝜇=1

𝐶𝑅𝜇𝑣 𝑃𝜇− (𝜀)
𝑑𝜖 ]
𝛤

(9)

Therefore, the analytical model describes the propagation and interaction between pumps and
thereafter computes the signal gain, provided by these pumps, as represented by the eq. 9.
In this case, the pump depletion by the signal can be disregarded. Other important factor to apply
this model can be observed when the input signal has high enough power to neglect the ASE
influence, this happens when the signal has more than -30 dBm. [8].
C. Corrected Model
As mentioned before, the analytical model is the result of an approach made disregarding the pump
depletion by the signal, the double Rayleigh scattering and the ASE of the amplifier. These
approaches are effective when working in small signal regime and a few number of pump lasers.
Therefore, this solution suffers with this simplification not taking into account energy preservation in
the process.
However, when the amplifying system covers a large bandwidth, the C+L optical bandwidth for
instance, the number of pumps to accomplish that goal can be large enough to make the results of the
analytical model not correspond to real values. Moreover, in this scenario a certain number of pumps
will be responsible for amplifying other pumps and the simplification of not considering the depletion
of the pump by another pump will be responsible for a large error in the analytical model results.
In this work an analysis in terms of energy conservation was performed. It was considered that all
energy loss or gain comes from the interaction between pumps, with the exception of power loss due
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the optical fiber attenuation. Therefore, the total energy inserted into the optical fiber can be
calculated by the sum of all pump powers that propagate over the optical fiber without considering the
interaction between them.
Thus, the total power difference between the energy conservation assumption and the analytical
model can be computed as:
Nb

ΔP = ∑(Pbn − Ppn )

(10)

n=1

Where Pbn are the pump powers calculated by the analytical model and Ppn are the pump powers
only taking into account the loss due to attenuation and neglecting the interactions between pumps.
For each distance along the fiber the optical power difference was computed. If the difference was
positive, that means the analytical model calculates more energy than total energy in the optical fiber,
so the energy calculated on the model was decreased by ΔP being distributed for each pump,
proportional to the total power of them. That was considered because the pumps with more power
tend to interact more between them. If the difference was negative, the pumps energy were increased
by the same criteria.
III. RESULTS
Fig. 3 shows the analytical and numerical model results of the signal gain for a WDM distributed
amplifier with eight signals located in the C-band amplified by three optical pumps. The amplification
occurs in a 50 km optical fiber with the parameters used for a standard Corning SMF fiber. The input
power is -20 dBm per channel.

Fig. 3. Signal gain for eight channels over the C-band for a 50 km SMF optical fiber amplified by three optical pumps.

The three optical pumps wavelengths were 1430 nm, 1438 nm e 1446 nm with 200 mW of power
each. The distributed optical amplifier was applied in a SMF optical fiber with a total length of 50 km.
Fig. 3 shows a good agreement between the numerical and analytical model in that case. For this
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configuration the entire amplification of the C band is not cover with an amplification band of 18 nm.
However, when the number of pumps is increased, with the purpose of amplifying the C+L optical
bandwidth, the discrepancy between analytical and numerical models increases considerably. The
amplification of most part of the L-band signals occurs due to second order pumps, i.e., pumps that
were amplified by other pumps [11]. Therefore the interaction between pumps is more critical in that
scenario and is responsible for this discrepancy.
Fig. 4 shows the results for a system with eight pumps with parameters showed in table 1 found in
the bibliography [12]. The link had a length of 80 km allowing the second order amplification to
occur.

Fig. 4. Signal gain as a function of the wavelength signal for eight pump lasers in 80 km of SMF optical fiber.

It can be seen that from the L band, above 1560 nm, a significant discrepancy between the
numerical and analytical model happens. This behavior arises because the pumps with higher
wavelengths have less power initially, so they are amplified by the other pumps and after that, when
their levels are high enough, they will be responsible for amplifying the L-band, increasing the error
in this spectrum region.
TABLE I. PUMP WAVELENGTHS AND THEIR RESPECTIVE POWERS [12].
Wavelength
(nm)

Power (mW)

Wavelength
(nm)

Power (mW)

1425,0

125,0

1461

65,0

1432,5

105,0

1472

34,5

1440,0

105,0

1489

34,0

1450,0

82,5

1508

34,0

For this reason, the energy conservation analysis becomes important as can be seen in Fig. 5. The
result depicts the difference, as function of the distance, between the total energy computed by the
analytical model and the conservation energy assumption taking into account the optical pumps only
propagating along the optical fiber.
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To solve this limitation of the analytical model, a correction analysis was made over the difference
between the energy of the pumps only propagating and the pumps interacting. Figure 6 shows the
result with the corrected model for the same configuration as in Fig.4.
The response difference between the corrected and the analytical model decreases with the
wavelength due to the energy redistribution that happens more in higher wavelengths which suffer
more with the simplifications of the analytical model. When eight optical pumps are used, the pump at
1508 nm for instance will suffers more with the depletion of his power by the optical signals into the
C+L band, so the impact of his correction will be more observed in higher signal wavelengths, around
1608 nm in this case.
It may be observed that, after the correction was applied, the gain profiles of the numerical model
and the corrected analytical model show the same behavior, with a relatively small error. The
difference varies around 1 dB for wavelengths in the C-band, up to ~1560 nm. The best result of the
corrected model, however, occurs for the L-band. This is reasonable, since the signals in this band are
mostly amplified by second order Stokes waves. This is the energy transferred from a pump in the
beginning of the band (14xx nm) to another pump, whose wavelength is higher than the first.
Subsequently, it is transferred to the signal. This type of behavior increases even more the discrepancy
in the gain values, because the analytical model does not consider in its first iteration part of the
interaction between the pumps.

Fig.5. Total pump power as a function of distance for the original analytical model and the model with the correction
corresponding to energy conservation.
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Fig. 6. Signal gain for the numerical model and the corrected analytical model for 8 pump lasers in 80 km of SMF.

Figure 7 shows the gain as a function of the wavelength of the WDM channels for a distributed
Raman amplifier with 50 km of SMF. In this case, 13 pump lasers were considered whose
wavelengths and powers are indicated in table 2, as found in the bibliography [13].

TABLE 2: PUMP WAVELENGTHS AND THEIR RESPECTIVE POWERS [13].
Wavelength
(nm)

Power (mW)

Wavelength
(nm)

Power (mW)

1410,8

107

1455,8

42

1417,5

107

1466,0

38

1424,2

110

1473,2

27

1431,0

74

1480,5

24

1437,9

55

1478,0

40

1444,8

44

1510,3

60

1451,8

44

Fig. 7: Signal gain for 13 pump lasers in 50 km of SMF.
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As can be seen in Fig. 7, from 1555 nm on, the gain values obtained with the numerical and
analytical models differ, since at higher wavelengths the signals are amplified by second order Stokes
waves.
Also, it can be seen that the difference between the gain of the numerical model and the analytical
model varies considerably throughout the wavelengths. With the correction, however, this difference
shows a better steadiness throughout the signal wavelengths, which leads to a trustier analysis in
terms of ripple. The difference between the corrected model and the analytical model is more constant
in this case because the larger number of pumps is responsible to more pump-pump interactions and
to maintain more pumps with significant power along the fiber length.
It should be noted that, in general, there is no reduction of the error between the analytical and
numerical models, but rather the curve adapts better to the shape of the result of the numerical model.
This leads to a better evaluation of the influence of the ripple and their application in optimization
algorithms for ripple metrics. The corrected model can be applied for any pump configuration but the
difference for the analytical model will show advantage and will approach to the numerical model
only with the increase of optical pumps to cover a larger bandwidth.
IV. CONCLUSIONS

In this work, corrections were discussed, from the perspective of energy conservation, to improve
the performance of an analytical model for L-band and considering a large number of pump lasers.
The numerical model for analyzing the behavior of Raman amplifiers yields a more complete
result, seeing as it includes phenomena as double Rayleigh scattering and Raman amplified
spontaneous emission.
However, due to computational costs, analytical models based on evolution of pumps become
attractive, seeing as, in a significant part of the applications, they present results considerably
approximated to the numerical model. One of the approximations in this model assumed that initially
some pumps did not interact with each other. On the contrary, it assumed they only propagated
without loss of power to other pump lasers with different wavelengths. Analyzing the relation
between pumps from the perspective of energy exchange, this approximation violates the conservation
of energy principle.
Correcting the evolution of pumps in a way that the energy is conserved yields that the results of
the analytical model approximate better those of the numerical model. This is observed mainly for
signals in the L-band, which owe their amplification mostly to second order Stokes waves. This,
probably, is the main factor which increased the discrepancy from the numerical model to the
analytical model.
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